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Abstract 

The cosmological constant problem and the possibihty of obtain- 
ing a see saw cosmological effect, where the effective vacuum energy 
is highly suppressed by the existence of a large scale is investigated in 
the context of scale- invariant, generally covariant theory. Scale invari- 
ance is considered in the context of a gravitational theory where the 
action, in the first order formalism, is of the form S = J Li^d^x + 
/ -^2 \/—gd'^x where <^ is a density built out of degrees of freedom inde- 
pendent of the metric. For global scale invariance, a "dilaton" 4> has 
to be introduced, with non-trivial potentials V{(p) = fie°^'^ in Li and 
f7((^) = /2e^"'^ in L2. In the effective Einstein frame, this leads to a 
non-trivial a potential (of the Morse type) for cj) which has a flat region 
with energy density /f/4/2. If the scale of /i is the electroweak scale, 
so that it is of the order of M'^y^, and the scale of /2 is the Planck 
scale, so that it is of the order of Mp^, then naturally we are led to 
a small vacuum energy for the present universe of order M^^r / Mp^. 
This is exactly what is needed in the new approach to cosmic coinci- 
dences discussed by Arkani-Hamed et. al. . The model discussed does 
not have the problems usually associated with scalar-tensor theories. 
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1 Scale Invariance with a New Measure 



The concept of scale invariance appears as an attractive possibility for a 
fundamental symmetry of nature. In its most naive realizations, such a 
symmetry is not a viable symmetry, however, since nature seems to have 
chosen some typical scales. Here we will find that spontaneously broken scale 
invariance can nevertheless be incorporated into realistic, generally covariant 
field theories. However, scale invariance has to be discussed in a more general 
framework than that of standard generally relativistic theories, where we 
must allow in the action, in addition to the ordinary measure of integration 
y/^d'^x, another one, ^d'^x, where $ is a density built out of degrees of 
freedom independent of the metric. 

For example, given 4-scalars (a = 1,2,3,4), one can construct the den- 
sity 

* = £^''°''^£abcddij,(Padu(Pbda'Pcdf}(pd (l) 

One can allow both geometrical objects to enter the theory and consider^ 
S = J LiM^x + J L2^f^d'^x (2) 

Here Li and L2 are independent. There is a good reason not to 
consider mixing of $ and ^J—g , like for example using -^r^- This is because 
(2) is invariant (up to the integral of a total divergence) under the infinite 
dimensional symmetry ipa+fa{Li) where fa{Li) is an arbitrary function 

of Li if Li and L2 are ipa independent. Such symmetry (up to the integral 
of a total divergence) is absent if mixed terms are present. 

We will study now the dynamics of a scalar field interacting with gravity 
as given by the action (2) with^'^ 

Li = — i?(r, g) + ]-g^^''d^ct>dA - V{ct>), = U{<f>) (3) 

K Z 



(4) 

In the variational principle F^^, gj^^,, the measure fields scalars (fa and the 
scalar field are all to be treated as independent variables. 
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If we perform the global scale transformation (6* = constant) 



Qnu e^Qnv (5) 

then (2), with the definitions (3), (4), is invariant provided V{(j)) and U{(p) 
are of the form 

y((/)) = /ie«^C/(0) = /2e2"'^ (6) 
and </?a is transformed according to — > Xa^a (no sum on a) which means 
^ {xia = A$ such that A = and ^ - |. In this case we call 

the scalar field needed to implement scale invariance " dilaton" . 

Let us consider the equations which are obtained from the variation of the 
(Pa fields. We obtain then Ai^d^Li = where = e^''°''^eabcddu^bda^cdi3(pd- 
Since det {A^) = ^ q if $ 7^ 0. Therefore if $ 7^ we obtain that 

d^Li = 0, or that Li — M, where M is constant. This constant M appears 
in a self-consistency condition of the equations of motion that allows us to 
solve for x = 

X=^^. (7) 

To get the physical content of the theory, it is convenient to go to the 
Einstein conformal frame where 

9p^v = X9i^v (8) 

and X given by (7). In terms of 'g^^ the non Riemannian contribution (defined 
as S^j, = r^j, — {^^} where {^^} is the Christoffel symbol), disappears from 
the equations, which can be written then in the Einstein form {RnuiVais) — 
usual Ricci tensor) 

R,A9ap) - \9,.R{9.p) = ^T;lf{<t>) (9) 



where 



(10) 
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If V^(<f>) = fie°"^ and U{4>) = /2 as required by scale invariance, we obtain 
from (10) 

Veff = ^{fi + Me-^'^r (11) 

4/2 

Also a minimum is achieved at zero cosmological constant for the case 
< at the point 0m,j„ = ^In \ \- Finally, the second derivative of the 
potential Veff at the minimum is V^'ff = ^ I /i P> if /2 > 0, so that 
a realistic scalar field potential, with massive excitations when considering 
the true vacuum state, is achieved in a way consistent with the idea of scale 
invariance. 



2 See-Saw Cosmology 

Since we can always perform the transformation (f) —(f) we can choose by 
convention a > O. We then see from (11) that as — >• oo,\4// ~^ ih ~ 
const, providing an infinite fiat region. 

If we consider this model as a model for the present accelerated universe, 
we see that this flat region can provide a long lived almost constant vacuum 
energy for a long period of time, which can be small if /f /4/2 is small. Such 
small energy density will eventually disappear when the universe achieves its 
true vacuum state. 

Notice that a small value of ^ can be achieved if we let /2 >> /i- In this 

case ^ << /i, i.e. a very small scale for the energy density of the universe is 
obtained by the existence of a very high scale (that of /2) the same way as a 
small fermion mass is obtained in the see-saw mechanism^ from the existence 
also of a large mass scale. In what follows, we will take /2 >> /i. 

If we assume that the only scales that can enter are the weak scale Mew 
and associate this to /i, so that it is of the order of M^w-i ^-^d the Planck 
scale Mpi and associate this to /2, so that it is of the order of Mp^, we 
obtain that the energy density associated with the flat region is of the order 
h ~ IvF^" '^^^^ fundamental requirement for the vacuum energy in 

a recent discussion of cosmic coincidences (see Refs.5 and contribution of 
H.Murayama to this conference). 
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3 The Introduction of Fermions 



So far we have studied a theory which contains the metric tensor g^i,, the 
measure fields (a=l,2,3,4) and the "dilaton" 0, which makes global scale 
invariance possible in a non-trivial way. All of the above fields have some 
kind of geometrical significance, but if we are to describe the real world, the 
list of fields and/or particles has to be enlarged. 

Taking, for example, the case of a fermion ijj, where the kinetic term of 
the fermion is chosen to be part of Li 

Sfk = J Lfu^d^x (12) 

Lfk = ^V^[7"Kr(^M + \^>c4) - Cd, + ^<<7e,)7"KlV' (13) 

there is the vierbein, = |[7c, Id], the spin connection to'^^ is determined 
by variation with respect to uj^ and, for self-consistency, the curvature scalar 
is taken to be (if we want to deal with o;^^ instead of F^^ everywhere) 

Global scale invariance is obtained provided ip also transforms, as in ^ 
Mass term consistent with scale invariance exist, 

^mij i^^jje'^'t'/^M^x + m2 y i^i^e^'^'t'/'^^f^d^x. (15) 

Let us discuss an interesting situation where coupling of the field disap- 
pears and that the mass term becomes of a conventional form in the Einstein 
conformal frame. This is the case, when we study the theory for the limit 
— > oo . Then C/(0) — > oo and V{(f)) — > oo. In this case, taking mie"'^/^V'0 
and m2&'"-'^/'^'4''4! much smaller than F(0) or C/(0) respectively, therefore one 
can sec that (7) is a good approximation and since also Af can be ignored in 
the self consistency condition (7) in this limit, we get then, x = y^e""^. If this 
used to express (15) in the Einstein conformal frame (which must include also 
the transformation ip' = x^^i^ order to get the canonical Einstein-Cartan 
form for the equations), we get Sfm — m J \/—gip ip'd'^x, where 
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Notice the interesting fact that the fermion mass is independent of the 
local value of the dilaton field in sharp contrast to Brans Dicke theories, 
where once we study the theory in the Einstein frame, particle masses are 
dependent on the local value of the dilaton field (p. A difficult problem 
associated to Quintessential Models, i.e. the absence of a 'fifth force' is 
naturally solved by the same reason (all interaction of dilaton are through 
the mass terms and they dissapear in the Einstein frame). One can show 
that particle masses are also constant (although a different constant!) in the 
approximation of high fermion density^ . 

4 Discussion 

We have seen that a two measure theory leads naturally to a ground state 
with zero energy density. If scale invariance is implemented, a dilaton poten- 
tial appears which in addition to the minimum at zero, also has an infinite 
fiat region. The energy density of this fiat region naturally comes out to 
be just what is required for a succesful discussion of the cosmic coincidence 
problems. It is also remarkable that the resulting theory does not have the 
problems of more standard scalar tensor theories (that is time dependent 
masses, fifth force) when the theory is anayzed in the infinite fiat region of 
the dilaton potential. 
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